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Customize medical decisions and treatments according to the 

unique properties and responses of the individual

Personalized Trials
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One-Size-Fits-All Stratified Personalized Trials

One treatment based 

on large studies 

Different treatments 

based on sub-types

Treatment based on the 

individual needs of that patient

A Paradigm Shift in Treatment

Transitioning from One-Size-Fits-All to a Personalized Trial model



?

Common Clinical Practice

Patient 1

Patient 2
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Why does a 
treatment work for 
one patient and not 

another?





Heterogeneity of 

Treatment Effects

(HTE)

Source: Richard L. Kravitz, Naihua Duan, and Joel Braslow. "Evidence‐based medicine, heterogeneity 
of treatment effects, and the trouble with averages." The Milbank Quarterly 82.4 (2004): 661-687.



Panel 1: Low Variation, Large Magnitude Effect Panel 2: Moderate Variation, Large Magnitude Effect

Panel 3: Moderate Variation, Medium Magnitude Effect Panel 4: Large Variation, Medium Magnitude Effect
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What factors influence 
heterogeneity?



Sample Characteristics

Clinical trials seldom use representative samples:

• Lack of representation in terms of race/ethnicity, sex, gender, etc.

• Disease/condition severity and etiology

• Willingness to participate or engage in an intervention

• Environmental and social context
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How do we address 
heterogeneity?
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Single patient, multiple crossover design, often 

randomized

Systematic collection of data on treatment effects

Rigorous statistical analysis

Shared decision-making

What are Personalized, N-of-1 Trials? 



History of Personalized N-of-1 Trials? 

• Single-case research is not new

• Many disciplines including medicine, psychology, and education use single case 

observational and case-study methods to explore topics 

• Personalized N-of-1 Trials really began to be refined in 1986 by Guyatt and 

colleagues

• As time went on, personalized N-of-1 trials were adopted for lots of outcomes in 

both medicine and psychology, with over 1,000 personalized N-of-1 trials being 

conducted in the domain of health psychology alone

Guyatt, G., Sackett, D., Taylor, D. W., Ghong, J., Roberts, R., & Pugsley, S. (1986). Determining optimal therapy—randomized trials in individual patients. New England journal of medicine, 314(14), 889-892.

Shaffer JA, Kronish IM, Falzon L, Cheung YK, Davidson KW. N-of-1 randomized intervention trials in health psychology: a systematic review and methodology critique. Annals of Behavioral Medicine. 2018 Sep;52(9):731-42. 
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Single patient, multiple crossover design, often 

randomized

Systematic collection of data on treatment effects

Rigorous statistical analysis

Shared decision-making

Personalized N-of-1 Trials of Massage and Yoga 

for Chronic Lower Back Pain



Personalized N-of-1 Trials of Massage and Yoga 

for Chronic Lower Back Pain

• Continuous measurement of outcomes throughout the 
trial duration including:
• PROMIS Pain Intensity
• PROMIS Pain Interference
• Ecological Momentary Assessment 3 time daily of 

pain, fatigue, and stress
• Self-reported use of over-the-counter pain 

medication
• Self-reported treatment side effects
• Fitbit Physical Activity
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Single patient, multiple crossover design, often 

randomized

Systematic collection of data on treatment effects

Rigorous statistical analysis

Shared decision-making

Personalized N-of-1 Trials of Massage and Yoga 

for Chronic Lower Back Pain



Both Worked

Yoga worked better Massage Worked Better

Neither Worked Both Hurt
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Single patient, multiple crossover design, often 

randomized

Systematic collection of data on treatment effects

Rigorous statistical analysis

Shared decision-making

Personalized N-of-1 Trials of Massage and Yoga 

for Chronic Lower Back Pain



Personalized Feedback
1 2 3

4 5 6



Example Pages of Pain Patterns: 
Pain Intensity, Pain Interference, Side Effects, Medication



High Adherence Low Adherence

Example Pages of Study Adherence:



Example Page of Momentary 
Pain, Stress & Fatigue Patterns



Personalized N-of-1 Clinical Practice

Patient 



Hierarchy of Evidence-Based Research

Guyatt, G., & Buse, W. (2006). The philosophy of evidence-based medicine. In Montori VM (Ed.), Evidence-based endocrinology, (pp. 25-33). Humana Press. https://doi.org/10.1007/978-1-59745-008-9_3.
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If personalized N-of-1 
trials are so great, why 
don’t we use them all 

the time?
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Single patient, multiple crossover design, often randomized

Systematic collection of data on treatment effects

Rigorous statistical analysis

Shared decision-making

• Requires effort to design and implement

• Careful consideration of outcome/disease/condition

• Careful consideration of how treatments will affect the patient over time, interact with each 

other, etc.

• Needs to fit with an N-of-1 design

• Requires a system for collecting and storing data

• Requires patients to actually complete the measures

• Requires measures which are rapidly reactive to the intervention 

• Requires expertise

• Requires software

• Requires thought

• Requires synthesizing data in a form which is easily interpretable and actionable

• Requires communication and potentially clinical expertise



1. Dr. Codruta Chiuzan – Design and Implementation of Personalized 
N-of-1 trials 

2. Dr. Thevaa Chandereng – Analysis of Personalized N-of-1 Trials

3. Dr. Ziwei Liao – Modeling EMA Data Using Bayesian Methods

Conclusion and Discussion  - Dr. Ying Kuen Cheung



https://hdsr.mitpress.mit.edu/specialissue3 

https://hdsr.mitpress.mit.edu/specialissue3
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Personalized N-of-1 Trials: Design, 
Implementation and Practical Considerations



Outline

• Best-case uses and evolution over time

• Desing Considerations

• Implementation Aspects

• Example of an ongoing N-of-1 trial testing mind-body 
interventions
– Challenges
– Lessons learned
– Next steps



N-of-1 Trials: Making It Personal

Goal: Finding the treatment with the greatest efficacy for that 
individual
• These multi-crossover trials use the participant as his/her 

self-control and the outcome of interest is evaluated 
across different treatment periods
– Possible to aggregate for estimating the population average 

treatment effect (PATE)

• Because a participant experiences the intervention and the 
control over different times, some interventions are not 
appropriate for assessing in an N-of-1 trial



N-of-1 Trials: Making It Personal

N-of-1 trials are suitable for chronic conditions, which 
require long-term maintenance therapy, but NOT for:
• Therapies that have delayed effects
• Rapidly progressive conditions
• Interventions with carry-over effects, i.e., produce a 

change that remains for some time after the intervention stops
• Highly invasive therapies, typically involving multiple

treatment cycles
• Experimental treatments without established safety

profiles and/or unpredictable side effects



N-of-1 Trials in Various Clinical Settings

Recruitment patterns in N-of-1 trials in Chronic Pain Management

Stats methods;
Testing feasibility User’s guide published

CENT guidelines; 
Mobile apps

He,W., Cui, Z., Chen,Y. et al. Status of N-of-1 Trials in Chronic Pain Management: A Narrative Review. Pain Ther 10, 1013–1028 (2021).



N-of-1 Trials in Various Clinical Settings
Chronic Pain Management

• Majority of the trials were searching for treatments (e.g., 
analgesics) for osteoarthritis, chronic musculoskeletal pain and 
neuropathic pain

• N-of-1 trials required higher costs for conducting procedures, 
follow-up, analysis, but saved on the long-term (fewer medical 
interventions)

• Withdrawal rate, comparable to standard RCT (~30%)
• Wireless devices and smartphone apps essential for recording 

personal information



N-of-1 Trials in Various Clinical Settings
Clinical question Outcome assessment
Evaluate individual responses to 
stimulants among children with 
ADHD

Parent, teacher, and self-rating of ADHD 
symptoms: assessed during and at the 
end of each treatment period

Verify perceived side effects of 
statin tablets

Self-report of side effects, symptoms 
severity assessed daily

Evaluate pharmacologic, electric 
stimulants and symptoms of 
neuromuscular and 
neurodegenerative disorders

Patient-reported outcomes (Likert 
scales); radiologic or neurophysiologic 
measures

Intra-patient pharmacokinetic- 
guided dose escalation in cancer 
patients with RET alteration

Grade 3 and 4 toxicities and drug plasma 
levels (AUC0-24)

Samuel JP,Wootton SH,Tyson JE. N-of-1 trials:The epitome of personalized medicine? J Clin Transl Sci. 2023 Jul 3;7(1)PMID: 37528940 
Gouda, MA Buschhorn L, Schneeweiss A,et al; N-of-1 Trials in Cancer Drug Development. Cancer Discov 1 June 2023; 13 (6): 1301–1309.



N-of-1 Trials: Design Considerations

• Intervention/Treatment
– Appropriate for repeated administration and reversible outcomes
– The number of times a treatment is repeated can impact the precision

of the relative effects of each treatment
– Trial design is most feasible when the treatment effects have a rapid 

onset and offset of action
• Washout Periods

– Mitigate carryover effects; treatment periods should be long enough to
capture a difference in outcomes, but short to be practical for patient

• Outcome Measures: Measurable, Reliable and Clinically Relevant
– Primary: condition-specific clinical assessments and/or validated

instruments (baseline and at pre-defined timepoints)
• Secondary: symptoms, side-effects

– Convenient enough that patients are willing to assess repeatedly



N-of-1 Trials: Design Considerations

• Randomization
– Randomization and counterbalancing attempt to balance treatments 

both withing and across blocks
– ABBA vs AABA or ABAB

• Blinding
– If feasible, double blinding (patients and clinicians) is important,

especially with self-reported outcomes

Kravitz, R. L., Duan, N.,Vohra, S., Li, J., & The DEcIDE Methods Center N-of-1 Guidance Panel. (2014). Chapter 1. Introduction to N-of-1 
trials: Indications and barriers. In R. L. Kravitz & N. Duan (Eds.), Design and implementation of N-of-1 trials: A user’s guide: AHRQ 
publication no. 13(14)-EHC122-EF (pp. 1–11). AHRQ.



Implementation of N-of-1 Trials

• Recruitment
– Identify eligible participants based on specific inclusion/exclusion criteria

• Informed Consent
– Obtain informed consent from participants outlining the purpose, 

procedures, potential risks, and the opportunity to receive individualized 
treatment recommendations based on personal responses

• Data Collection and Monitoring
– Rigorous data collection and monitoring procedures (adherence and 

response to interventions) are essential to ensure data accuracy and 
completeness

– Electronic diaries and wearable devices for real-time data capture

• Reporting Standards
– CONSORT Extension for N-of-1 Trials (CENT) guidelines



Personalized N-of-1 Trial of Mind-Body 
Interventions to Improve Sleep Duration



During COVID-19 pandemic, poor sleep and stress were highly
prevalent among healthcare workers, especially women.

NIH Stage II Model for behavioral intervention development

Primary Objective: Determine if a personalized (N-of-1) trial 
employing a Mind-Body Intervention (MBI) can produce a meaningful 
increase in sleep duration among women aged 40-60 years working at 
Northwell Health, a major healthcare system in New York.

Secondary Objective(s): Evaluate the effect of the MBI on sleep quality 
components (sleep latency, efficiency), physiological factors (resting 
heart rate, number of steps), perceived stress, and anxiety and 
depression scores.

Personalized N-of-1 Trial of Mind-Body 
Interventions to Improve Sleep Duration



Personalized N-of-1 Trial of Mind-Body 
Interventions to Improve Sleep Duration
Outcome Measures
Mean within-subject difference between 
run-in and each treatment period

Assessment

Sleep Duration Daily via Fitbit devices and self- 
reported questionnaires

Sleep Latency Daily via Fitbit devices and self- 
reported questionnaires

Sleep Efficiency Daily via Fitbit devices

Resting Heart Rate and Number of Steps Daily via Fitbit devices

Perceived Stress Score 
Anxiety and Depression Score

Run-in, bi-weekly, post-intervention 
Perceived Stress Scale (PSS-10)
Patient Health Questionnaire4 (PHQ-4)



Personalized N-of-1 Trial of Mind-Body 
Interventions to Improve Sleep Duration

A total of 60 participants will be randomized 1:1 into one of two 12-
week intervention arms, each comprising six 2-week blocks of guided
(A) mindfulness meditation, (B) yoga, (C) or guided walking.



Personalized N-of-1 Trial of Mind-Body 
Interventions to Improve Sleep Duration

• Run-in/Baseline (2 weeks)
– Participants are asked to wear the Fitbit device 24/7
– Eligible for randomization if: 1) an average sleep duration <7 h per 

24-h period and 2) achieved ≥80% adherence to Fitbit wear and 
survey completion

• Intervention (12 weeks)
– The MBI consists of 30-min x 3 times per week guided 

audiovisual recordings on mindfulness meditation, yoga, and walking 
created by Zeel

– Study coordinators monitor the Fitbit sync (<5 days), survey 
responses (<50%), and intervention data (< 7 days)

• Follow-up (2 weeks)
– No intervention
– Send the personalized reports

https://www.zeel.com/


Personalized Reports



Personalized Reports



• Anticipated completion date: June 30, 2024 (on target!)
• High enthusiasm and interest to participate in the trial

• What happened during the run-in phase?
• Baseline failures due to “normal” sleep duration
• Low stress score (PSS<18)

• What happened during the intervention?
• Issues with Fitbit sync
• <3 times/week of intervention (video watching)
• Limited survey response (stress, anxiety/depression)
• Halfway check-in – “You’re a partner in our research!”

Challenges and Current Status



Conclusions
• N-of-1 trials offer a pathway to provide patient-centered 

care by generating evidence directly from the individual 
patient

• A major strength is the opportunity to investigate potential 
heterogeneity of effects of the interventions
• Pooling N-of-1 data may yield deeper insights into the 

effectiveness of the intervention
• Treatment assessments can be overwhelming; carefully select 

preferred and “naturally attractive” outcomes for the 
patients

• Need a dedicated team to oversee the study execution
• Need regular checks to ensure accurate, timely data capture

Selker, H.P., Cohen,T., D’Agostino, R.B.,et al. (2022), A Useful and Sustainable Role for N-of-1 Trials in the Healthcare Ecosystem. Clin 
Pharmacol Ther, 112: 224-232
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Personalized N-of-1 Trials: 
Analyzing Data from an Individual 

Level and in Pooled Level 

Thevaa Chandereng, PhD
Institute of Health System Science

Feinstein Institutes for Medical Research

Northwell Health



Statistical Analysis: Individual Level

1. Unlike traditional RCT, treatment arms are not independent, outcomes are collected continuously throughout the trial
2. Statistical analyses need to account for correlation structure

where Y is the n x 1 response vector, X is an n x p model matrix, β is a p x 1 vector of estimated regression coefficients, 
and ε is an n x 1 vector of errors. The ordinary-least square (OLS) estimator of β assuming that ε ∼ N(0, σ2  In) (i.e. the 
errors are uncorrelated),

In a standard linear model,

Y = Xβ + ε,

βOLS = (XTX)−1 XT Y,

with the covariance matrix

Var(βOLS)  = σ2(XTX)−1.



Statistical Analysis: Individual Level
Generalized least-squares (GLS) regression extends ordinary least-squares (OLS) estimation of the standard linear model by 
providing for possibly unequal error variances and for correlations between different errors. Let V = Var(ε | X). 

βGLS  =  (XTV-1X)−1 XTV-1 Y*.

We used AR (1) model for the analyses. In an AR(1) model, 



Statistical Analysis: Pooled Level

Two-level random slope model

where Y is the n x 1 response vector, t is an n x p 
model matrix, β, γ  are  p x 1 vector of estimated 
regression coefficients, and r is an n x 1 vector of 
errors. 



Personalized (N-of-1) Trial: Chronic Lower Back Pain (CLBP)
Se

qu
en

ce

• Daily measurement of outcomes including:
• PROMIS Pain Intensity
• PROMIS Pain Interference
• EMA 3 times daily of pain, fatigue, and stress (Average taken)
• Self-reported use of over-the-counter pain medication
• Self-reported treatment side effects
• Fitbit Physical Activity (steps, sleep)



Usual Care Yoga Massage

Usual Care - 3 3

Yoga 1 - 1

Massage 2 3 -

Better

W
or

se

Pain Intensity Summary

Trial Results: Pain Intensity Summary



Ecological Momentary Assessments
Positive effect (lower EMA) Negative effect (lower 

EMA)
No effect

EMA Pain Yoga vs Usual Care 2 1 23

Massage vs Usual Care 2 2 22

EMA Fatigue Yoga vs Usual Care 3 1 22

Massage vs Usual Care 2 3 21

EMA Stress Yoga vs Usual Care 0 1 25

Massage vs Usual Care 4 2 20

Number of participants with no, positive, and negative significant effects for all three daily average EMAs comparing 
both yoga and massage to usual care.



Trial Results



Pooled Percentage of Average Minutes Wearable Device 
(Fitbit) Worn During Each Treatment



Northwell Health® 10

WEARABLE (FITBIT) DATA

Data Source: Daily Step Count

February 13, 2024



Northwell Health® 11

WEARABLE (FITBIT) DATA
Data Source: Minute-by-Minute Step Count

February 13, 2024

Step Count Heart Rate (HR)
Detected 

Not Detected 

0 (missing, no movement)

Integer > 0



Northwell Health® 12

IMPUTATION

Daily level Minute-by-minute level

PROS CONS

Many algorithms out 
there for imputation

Omitting useful 
information

Easier to deal

PROS CONS

Tedious Not many algorithms 
published

Large scale computing 
but more accurate due 
to no data go unused

- Typically 10 hours of daily active wear data 
required for a valid wear day



Northwell Health® 13

IMPUTING STEP COUNT DATA (MINUTE-BY-MINUTE  LEVEL)

Methods Proposed

Heart Rate Wear /Non wear Recorded Step Count Real Step Count

Detected Wear Step Count Recorded Recorded Step Count
Not Detected Non-Wear Step Count Recorded > 

0
Recorded Step Count

Not Detected Non-Wear 0 Impute

Impute 

February 13, 2024

(Chandereng et al. 2022 HDSR)



Trial Results



Trial Results: Subgroup Analysis
Shiny app: https://thevaa.shinyapps.io/subgroup/



Challenges

- Analyzing data pre- and post-pandemic data
- Summarizing patient reports with multiple outcomes
- Improving imputation algorithm for step counts



Novel Bayesian Model for N-of-1 Trials: 
Addressing Carryover Effects in Estimating 
Treatment Effect on Individual Responses

Ziwei Liao

Columbia University, Department of Biostatistics

May 13, 2024
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Background

Traditional parallel-group randomized controlled trials (RCTs) haven long 
been the most prevalent study design to identify the population-level treat- 
ment effect in evidence-based medicine.

Some critiques on the current paradigm for producing clinical knowledge:
1 Practically impossible to conduct RCTs to address all clinically impor- 

tant questions.
Clinical evidence generated in those RCTs has poor generalizability.
Treatments shown to be safe and effective on average may deliver an 
uneven mix of risks and benefits to individual patients. (top ten highest- 
grossing drugs will only benefit between 1/25 and 1/4 of the patients 
who used them)

2

3

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 4 /  37



Background

Heterogeneity of treatment effect (HTE):
Nonrandom, explainable variability in the direction and magnitude of 
treatment effects for individuals within a population.
Variance of ITEs across patients

Individual treatment effect (ITE):
The difference in effects (net benefits) between treatment A and 
treatment B for an individual patient

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 5 / 37



Background
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Background : N-of-1 trials

N-of-1 trials are prospectively multiple-period crossover trials 
compar- ing two or more interventions within single participant.

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 7 /  37



Background : N-of-1 trials

Application:
Chronic or slowly progressive conditions, e.g. diabetes, hypertension 
Rare diseases

Advantage:
Estimate ITE directly
Participants will immediately benefit from the study
Can be combined across patients to provide an estimate of either aver- 
age treatment effect or of heterogeneity of treatment effects (Bayesian 
hierarchical model /  meta analysis)

Concern:
Costs and time involved in both patient and physician

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 8 /  37



Background : Light therapy study

The data set is from Kronish et al., 
which studies the effectiveness of bright 
white light therapy for depressive symp- 
toms within 9 cancer survivors.

Interventions: Bright white (10,000 lux), 
Dim red (50 lux)
Design: Single balanced sequence 
(ABBA or BAAB), no washout periods 
Duration: 3 weeks’ treatment block * 4
= 12 weeks
Outcome: Depressive score: 0-not at all 
depressed to 10-extremely depressed

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 9 / 37



Background : Light therapy study

Figure: Time series plot of two subjects. Blue curve represents bright white light intervention 
and red curve represents dim red light intervention.
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Overview

1  Background of N-of-1 trials

2 Literature review
Current methods to analyze N-of-1 trials 
Distributed lag models

3  Bayesian distributed lag model with autocorrelated errors

4 Simulation study

5  Application to light therapy study

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 11 /  37



Current methods to analyze N-of-1 trial

1 Nonparametric tests
Sign test, Wilcoxcon signed rank test, et al.
Data gathered to treatment block/period level; Binary response 
for each block
Omit the size of difference in treatment effect

2 ANOVA type tests
Also use treatment block level information
Assume treatment blocks are mutually independent and 
outcomes are iid normal

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 12 /  37



Current methods to analyze N-of-1 trial (cont.)

3 Regression based tests
Use treatment block level information

Combination of several subject’s data
Multiple N-of-1 trial can be regarded as grouped crossover 
design with fixed treatment sequence
Use linear/generalized mixed effect models 
Assume normal distributed outcome

Yij = β0 + β1Xij + β2Pj + λAZAij + λBZBij + b0i + b1iXij + εij

For single subject, model will be reduced to

Yj = β0 + β1Xj + β2Pj + λAZAj + λBZBj + εj

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 13 /  37



Important features of N-of-1 trial

Autocorrelation
Time-series exhibit some form of serial dependence (adjacent time 
points)
Lead to underestimated/overestimated standard errors, increase the 
risk of Type I/II error

Carryover effects
Washout periods does not guarantee a elimination of carryover effect 
Lead to bias in the estimated treatment effects

Goal: compare two different interventions
■ Estimate total effectiveness in treating the targeted outcome
■ Adjust for potential carryover effects (if no washout period or insufficient 

washout), and run-in period effects (slow onset of new treatment)
■ Account for autocorrelation in time series measurements

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 14 / 37



Overview

1  Background of N-of-1 trials

2 Literature review
Current methods to analyze N-of-1 trials 
Distributed lag models

3  Bayesian distributed lag model with autocorrelated errors

4 Simulation study

5  Application to light therapy study

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 15 /  37



Distributed lag models (DLM)

DLMs are used to model the current values of a dependent variable 
based on both the current values of an explanatory variable and the 
lagged values of this explanatory variable for time series data.

The general form:

t

∞∑
Y = µ + β xi t− i  t+ u (1)

i=0

where Yt denote a response variable of interest at time t  and Xt denote 
a time-varying explanatory variable, which has some influence on all

uoutcome after Yt. ut are IN(0, σ2). Lag length is usually truncated to
some finite lag L.

Goal: estimate (1). Distributed lag coefficients βi, (i = 1, 2, ...L); (2). Total 
effect ∑  βi

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 16 /  37



Distributed lag models (DLM)

Unconstrained DLM
Estimate through unconstrained MLE
(1) Multicollinearity between of lagged explanatory variables
(2) Degree of freedom can be depleted quickly

Polynomial DLM
Almon (1965) proposed to impose smoothness on the coefficients by 
restricting the lag coefficients to lie on a polynomial function 
Coefficients βi can be approximated by a d-th degree polynomial function 
of i, where d is usually much smaller than L, i.e.,

d

βi = 
∑  

α j i j, i = 0, ...L and 0 < d ≤ L (2)
j=0

OLS estimator

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 17 /  37



Distributed lag models (DLM)

Geometric DLM
Koyck (1954) proposed an infinite distributed lag model by adding the 
following constrain on lag coefficients in (1):

βi = β0λ i, and 0 < λ  < 1 (3) 

where λ  is the coefficient decaying rate, then we will have

t 0

∞∑
iY = µ + β λ  xt−i t+ u (4)

i=0

Can be transformed from an infinite DLM into an autoregressive model 
with only three observable variables by subtracting λyt−1 from (4):

Yt = (1 − λ)µ + β0Xt + λyt−1 + (ut − λut−1) (5) 

MLE of β0 and λ  can be obtained through iterative numeric methods.

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 18 / 37
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Bayesian distributed lag model with autocorrelated 
errors (BDLM-AR)

Proposed model:

t
′

L∑

l=0
Y = µ + Z b + β X + ϵt l  t− l  t

ϵt = ϕ1ϵt−1 + ϕ2ϵt−2 + ... + ϕpϵt−p + wt 

wt ∼ N(0, σ2)

(6)

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 20 /  37



BDLM-AR

Estimands of interest:
Total effect

∑ L
l=0 βl;1

2

3
Total carryover effect

∑ L
l=1 βl;

Lag coefficients βl, (l = 0, 2, ...L).
β0: Immediate treatment effect (treatment effect on day 0)
βl, ( l ̸= 0): Carryover effect due to treatment on l days ago

Data transformation:
Let Φ(B) = 1 − ϕ1B − ϕ2B2 − ... − ϕpBp, where B is the backshift 
operator, then the AR model for the errors is:

Φ(B)ϵt = wt

Let Yt∗ = Φ(B)Yt, Xt∗ = Φ(B)Xt, µ∗ = Φ(B)µ, Zt∗ = Φ(B)Zt,
t  = p + 1, ..., n. Then the model with transformed data is

(Y∗ | X∗, µ∗, β) ∼ N (µ∗1n−p + Z∗b + X∗β, σ2In−p) (7)
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BDLM-AR : Prior distribution

1. Prior on distributed lag 
coefficient

The prior on β is designed to be

(β|σ2, γ1, γ2) ∼ N(0, σ2Ω−1(γ1, γ2))

Non-informative prior is used for µ and b

(8)

2 2 −1
0(µ|σ ) ∼ N(0, σ c ), 2 2 −1

0(b|σ ) ∼ N(0, σ c I) (9)
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BDLM-AR : Prior distribution (cont.)

where Ω(γ1, γ2) is the precision matrix:
�

�

�

�
��

λ + λ∗0 −λ ∗0 . . 
.

. . 

.

. . 

.

0

0

0

0

−λ ∗

0

0

−λ ∗   λ1 + λ∗  + λ∗0 1

0

−λ ∗1
0 −λ ∗1 1 2

.. 

0

0

.. 

0

0

.

. . .

. . .

λ2 + λ∗  + λ∗  . . .
. . .

−λ ∗

..

L−2 λL−2 + λ∗  + λ∗L−2 L−1

. 

0

0
L−1

. . 

.
−λ ∗L−1

λL + λ∗  + λ∗
L−1 L










l 1λ  = exp[γ (l + 1 ∗
l 2)] − 1, λ  = exp[γ (l + 1)] − 1 for l = 0, 1, 2, ...L.

γ1: controls the rate at which the variance of βl tapers to 0.
γ2: controls the increasing rate of smoothness of the curve.
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Relationship with regularization methods

The maximum a posteriori probability estimate of β minimizes a 
fused ridge-type penalty:

(Y∗ − X∗β)T(Y∗ − X∗
0

2
∑

β) + c µ + λ
l=0

l
2
l

L L∑

l=0

∗
lβ + λ  (β − βl l+1)2

Regularize
The ℓ2-norm of the coefficients (ridge penalty);
Successive differences of coefficients (local smoothness penalty); 
Monotone increasing penalty (Strong shrinkage effect to 0 at 
large lag).

1

2

3
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BDLM-AR : Prior distribution (cont.)

1. Prior distribution on the mean model

(β|σ2, γ1, γ2) ∼ N(0, σ2Ω−1(γ1, γ2))
2 2 −1

0(µ|σ ) ∼ N(0, σ c )
π(γ1, γ2) ∝ exp (−γ1 − γ2)

2. Prior distribution on the error model

π(σ2) ∝ 1/σ2

ϕ ∼ Np (0p, 200 × Ip) 1S (ϕ)
ϕ

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 25 / 37



Proposed hybrid Metropolis-Hastings/Gibbs algorithm

Step 1. Set initial values for β, σ2, ϕ and γ;
for i ←  1 to niteration do

Step 2. Given current value of ϕ, transform Y, X to Y∗ ,  X∗; Also construct
precision matrix Ω(γ) based on γ;

Step 3. Update β based on π(β | Y∗ ,  X∗, σ2, ϕ, γ);
Step 4. Update σ2 based on π(σ2 | Y∗ ,  X∗, β, ϕ, γ);
Step 5. Update ϵ conditional on current value of β and Y, X. Then update ϕ

based on π(ϕ | Y, X, β, σ2, γ);
2 ∗

iStep 6. Update (γ1, γ2) based on π(γ | β, σ ). Sample a proposal γ  by
γ∗i = γi + a ∗ U(−1, 1) for i = 1, 2. a is an adjustable step size. Compute 

theratio
R

π(γ∗  | β, σ2)
γ  = π(γ | β, σ2)

update γ = γ ∗  with probability min(1, Rγ );
end
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Simulation settings

Settings:
L

Yt = µ + 
∑  

βsXt−s + ϵt
s=0

with ϵt = ϕ1ϵt−1 + wt, and wt ∼ N(0, σ2).
Total observations N = 120 with two treatments (A and 
B)
σ2 = 100; order of AR error is 
1 Number of simulations: 100 
Other simulation parameters:1 Two block paired design : ABBA (sequence 1) and ABBABAAB 

(sequence 2);
2 Two model standard deviation σ = 10, 20, then signal to noise ratio

(SNR :=
∑ 7

i=0 |βi|/σ) : SNR = 1 and 0.5;
3 Autocorrelation between observations: ϕ1 = 0.5 and 0.2.
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Simulation settings

Five different coefficient curves of 
β:

Exponential decay Slow absorption No carryover effect
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Total effect = 10;
Total carryover effects (δ) are 4.69, 0.94, 8.48, -2.30 
and 0 respectively.
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Simulation models summary
One frequentist model (Koyck model) and four Bayesian models were 
used in simulation comparison

Evaluation metrics for single coefficient: coefficients bias, coefficients 
root mean square error (RMSE).
Evaluation metrics for whole coefficient curve:

Euclidean Distance = ||β̂  − β||2
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Simulation results

Bias and RMSE of estimated lag coefficients
Exponential decay Exponential decay (Oscillated) Slow absorption Slow absorption (Oscillated) No carryover effect

Bias
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Distance under strength of autocorrelation
Boxplot of distance to true lag coefficient curves

LC1. Exponential decay LC2. Exponential decay (Oscillated) LC3. Slow absorption LC4. Slow absorption (Oscillated) LC5. No carryover effect
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2 Literature review
Current methods to analyze N-of-1 
trials Distributed lag models

3  Bayesian distributed lag model with autocorrelated errors

4 Simulation study

5  Application to light therapy study

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 33 / 37



Application to light therapy study

Use two subjects’ data (ID:7706 and 7708), received treatment se- 
quence BAAB and ABBA respectively (A:bright white lightbox; B:dim 
red lightbox)

Each treatment block lasts 21 days 

Fitted with:
1 Classical linear regression model with autoregressive errror (RegAR), 

with fixed AR order 1 and 7
Proposed BDLM-AR model with AR(1) and AR(7) error2

Maximum number of lags L in DLMs is set to 7

Ljung-Box test is used to check the fitness of each model

Ziwei Liao 2024 SCT Annual Meeting May 13, 2024 34 /  37



Application to light therapy study: Result

MLE and posterior mean estimates of distributed lag coefficients and 
autoregressive coefficients
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R functions: https://github.com/williammomo/BDLM-AR
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Thank you!
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